THE ACTION OF HECKE OPERATORS ON 
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^~^' Abstract. We study the action of the Hecke operators Un on the set of hy- 

C^ ' pergeometric functions, as well as on formal power series. We show that the 

spectrum of these operators on the set of hypergeometric functions is the set 
{n" : 71 S N and a £ Z}, and that the polylogarithms play a dominant role 
r-«^ ' in the study of the eigenfunctions of the Hecke operators f7,i on the set of 

hypergeometric functions. As a corollary of our results on simultaneous eigen- 
functions, we also obtain an apriori unrelated result regarding the behavior of 
completely multiplicative hypergeometric coefficients. 

H 



>< 



1. Introduction 
For each n E N, the space of formal power series 



(1.1) 5 := <^ /(x) = ^ Cfca;'^ : Cfc e C 

_~r ■ admits the action of the hnear operators 

'NT 

(N; (1-2) ([/„/) (x):=^c„fcX 

v/-^ ! fc=o 

^^ ! and 

o 



(1-3) {V,J){x):=f{x-)^Yl 



CkX 
k=0 



i,k 



The spectral properties of these operators become more interesting when one con- 
JH \ siders their action on spaces with additional structure. 

Historically, Hecke studied the vector spaces of modular forms of a fixed weight 
(see (2J), in which the set 5" above is replaced by the space 9Jtfc defined by analytic 
functions in the upper half-plane H := {r : Imr > 0}, that satisfy the condition 



(1.4) K^)=^"^^^'-^^"^' 
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for every matrix in the modular group 

(1.5) r := < ,\ : a, b, c, d E Z with ad — be = 1 

These forms are also required to have an expansion at r = ioo, or equivalently a 
Taylor series about q — 0: 

C30 

(1-6) /(r) = ^c(n)g", 

11=0 

expressed in terms of the parameter q — exp(27rir). 

Hecke introduced a family of operators T„, for n e N, which map the space Wlk 
into itself. The standard definition is 

(1.7) iT^f)ir) := n'^-^ Y. d^' E / (^^) ' 

d\n b=Q ^ ^ 

that in the special case n — p prime, becomes 
(1-8) iT,f){r) = p'^-'fipr) + lj2ff^± 

In terms of the Fourier expansion of / G DJlk , given by 
(1.9) /(r) = J2 c(™)9". 

m=0 

the action of T„ is 

(1-10) (r„/)(r)=^7„(m)r, 

771—0 

where 

(1.11) 7nM= E '^'"^9^)- 

In particular, when n = p is prime, we have 

.-, ,„s . s /c(pm)+/-ic(f^) ifp|m, 

(1.12) 7p(m) = <^ ^^ .^ , 

[C(pm) it p /(7TT,. 

History has shown that the study of Hecke operators is one of the most important 
tools in modern Number Theory, yielding results about the uniform distributions of 
points, the eigenvalues of Laplacians on various domains, the asymptotic analysis 
of Fourier coefficients of modular forms, and other branches of Number Theory. 

Interesting results were obtained in the last decade when the space of modular 
forms was replaced with the space of rational functions (see [5], [S], and [H]). For 
example, the spectral properties of the operator C/„ acting on rational functions were 
completely characterized, and corollaries about completely multiplicative functions 
that satisfy linear recurrence sequences were obtained (see j9j). 

For the space 9^ of rational functions, the coefficients o„ in p.ip are the Taylor 
coefficients of A/B G fR, with B{x) = 1 + aix + • • • + adx"^ and A a polynomial in 
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X, of degree less than d. These coefficients Un are known to satisfy the recurrence 
relation 

(f -13) ttn+d — — aifln+d-l — • • • — adUn, 

see [12] for details. Thus the study of these coefficients employs the theory of linear 
recurrence sequences and their explicit solutions. One of the main results in 9 is 
the complete determination of the spectrum of C/„ acting on $H: 

(1.14) spec(C/„) = {±n'= : fc e N} U {0}. 

Recent work has produced a description of the corresponding rational eigenfunctions 

(see mm]). 

In this paper, we consider the action of C/„ on the set of hypergeometric functions 

(1.15) S) :— < \J CfeX*^ : is a rational function of fc > . 

We emphasize here that io is a set rather than a vector space, because the sum of 
two hypergeometric functions is not in general another hypergeometric function. 
Nevertheless, this set includes most of the classical functions as well as all functions 
of the form 

oo 

(1.16) ^i?(fc)a;', 

fc=0 

where i? is a rational function. 

Every hypergeometric function that we consider has a canonical Taylor series 
representation of the form 

n i7\ F r. K ^ x^ (ai)fc(a2)fc ■■■ {ap)k x'' 

^ (&i)fe(&2)fe •■■ {bq)k k\ 

where a := (ai, 02, • ■ ■ , a^) e C^ and b :— {bi, 62, • • • , bq) e C are the parameters 
oi pFq. These parameters satisfy —bi ^ N. Here we use the standard notation for 
the ascending factorial symbol (c)^ := c(c + l)(c + 2) • • • (c + /c — 1), and (c)o :— 1. 
For example {l)k — kl, and (0)^ — 0. 
Hypergeometric functions include 

00 ^ 

(1-18) /(-) = EfcfrT' 

fe=0 

as well as most of the elementary functions. For example, the hypergeometric 
representation of the exponential function is given by e^ = iFi{a,a;x) for any 
nonzero a £ C Similarly, the error function 

erf(x) = —= / e~*^dt, 
VT^ Jo 

can also be represented as a hypergeometric function, namely 

erf(a;) = -^iFi(i, |; x). 
For a more complete discussion of hypergeometric functions, see [Tj. 
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In Section [5] we describe the action of the Hecke operator Un on hypergeometric 
functions. To state the resuhs, define 

K,,) - {^'p^'^(^' b; a;) : a G C^ b e C^, 

for fixed j £ N, and fixed p, g G N. This is the set of aU hypergeometric functions 
that vanish to order j at the origin, and have hypergeometric coefficients 

(ai)fc (02)^ ■ ■ ■ {ap)k 
{hi)k{h2)k ■■■ {hq)k 

with p ascending factorials in the numerator and q ascending factorials in the de- 
nominator. Observe that 



S) :— {x-' pFq{sL^ b; a;) : for some j, p, q £ N, and some parameters a G C^, b G C^ } 



u n 



j,p,qGN 

We establish first the identities 

C/„ {x^ ,F,(a, b; x) ) = x^/'^ £ ^nkip-,-i^ J^^iUc^h ■■^{c^ph ^ ^ ^j 

^ {di)kid2)k---{dniq+i)-i)k kl ^P^^i^i 

when n divides j and 



_g_l) (Cl)fc ■ ■ ■ \Cpn)k X 

fc^o (di)fe---(d(g+i)„_i)fc A:! 



Un[x pP,(a,t,,x))-x 2^n M, 1, . . . M,„ , ,,_ A„ fcl ^ ^to,9i)- 



if n does not divide j. Here pi — np, qi = n(q + 1) — 1 and the new parameters 
c, d are given in (|5.3p and (|5.4p respectively. In particular, we observe in Section 



[S]that Un maps ^•', -, into itself if and only if p = q + 1. These are the balanced 
hypergeometric functions. Therefore, an eigenfunction of C/„ must have p = q + 1. 

The eigenfunctions of [/„ on the space of formal power series are described in 

00 

Section |4] . We consider solutions of [/„/ = A/, for f{x) = x^ >, o^kx'' and show 

fc=0 

that if n divides j, then it follows that j = 0, A = 1 and the eigenfunction / must 
reduce to the rational function — !— • On the other hand, in the case that n does 
not divide j, we show that j must be 1 and the eigenvalue A must be of the form 
n°, with a G Z. 

One of the main results here is the complete characterization of the spectrum of 
Un on hypergeometric functions, yielding the result that 

(1.19) spec{Un) = {n'' : fc G Z} U {0}. 

As a corollary, we obtain a number-theoretic characterization of all completely 
multiplicative functions that are also hypergeometric ratios of ascending factorials. 

An ultimate goal is to determine the spectrum of all linear combinations of 
hypergeometric series, but this seems far from the reach of current technology. 
Thus we focus first on the action of the Hecke operators on a single hypergeometric 
series. 
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2. A NATURAL INNER PRODUCT ON ^ 

The set of all hypergeometric functions ij can be endowed with a natural inner 
product defined by 

(2.1) (/,3)fl:=/ /M^H— • 

We fix a real number R with < i? < 1 , so that this inner product is now a function 
of R, and as we shall see shortly it is in fact a real analytic function of R. Moreover, 
we shall also see below that Vn is the natural conjugate linear operator to t/„ with 
respect to this inner product. This fact is our motivation for introducing the linear 
operator Vn- 

The next result describes this inner product in terms of the Taylor series expan- 
sions of / and g. 

Lemma 2.1. If f(z) = J2'!^=o '^"^" ^^^ 9{z) = Yln=o ^nz", then 

OO 

(2.2) {f,g)R^2mY,Cnd^R^'"- 
Proof. By definition we have 

^ OO OO , 

{f,g)R = f ^ C„W" X ^ d^^^w" — 

•JH=Rn=0 m=0 ^ 






Cnd,nW"-"'-'R''^dw, 



because W = R'^/w on the circle of integration. Cauchy's integral formula shows 
that n = m, for otherwise the ensuing line integral is zero. This condition gives us 
the desired result. D 

This inner product makes sense even for formal power series, although we restrict 
our attention to the set Sj of hypergeometric functions. On i^j the inner product of 
any two hypergeometric functions is in fact a hypergeometric function of R, as is 
easily seen by noting that the product of two hypergeometric coefficients is another 
hypergeometric coefficient. 

To further develop the algebra of the operators Un and Vn , we now show that 
Vn is the natural conjugate linear operator for C/„, relative to the inner product 
introduced above. 

Lemma 2.2. Let f,geS}. Then 

(2.3) (t/„/,5)fl=(/,K5)K"- 

Proof. Start with 

{Unf,9)R = 
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On the other hand, 



OO C50 



\fc=0 k=0 I n 



= 2^CkhkR ', 



k=0 



where we define 



hh 



if n does not divide k 

df^jn if n divides k. 



It follows that 

CXD 

(2.4) {LVn9)B. = 5] Cfe„4(i?")''' = (C/„/,ff)fl". 



fc=0 



D 



Recall that Hadamard introduced an inner product in the space of formal power 
series 5^, by 



(2.5) (/*.9)(a;):=^Cfe4x'= 

fc=0 

This product can be retrieved as a special case of (, )_r; namely, 
(2.6) 



'^CkX^^^dkx'' 



^CkdkR^. 



\fc=0 fc=0 / iji/2 fe=0 

Thus the Hadamard product is completely equivalent to our inner product. 



3. Elementary properties of the operators [/„ and Vn 

In this section we describe elementary properties of the operators defined in (|1.2p 
and (fOl). 



^ nm-j 



Theorem 3.1. Let to, n e N. Then 

a) Un O Urn = U„i O Un = Un 

b) T4 o "I4i = V„i o T4 = T4 

C) [/„ O Vn = Id, 

d) UnoVm = Kn/gcd(m,n) » C^n/gcd(m,n) ■ In particular, if TO and n are relatively 
prime, then C/„ and Kn commute. 

Proof. Let / G 5^ be a formal power series with coefficients Ck- The first two 
properties follow directly from 



UnUmfix) = C/„ Y] CrnkX 



k=0 



k=0 



^nrakX — ^nmJyX}^ 
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and similarly for VnVm- To establish the third property observe that 

UnVnfix) = UnVn i Y, Cfc^'^ ] = Un [Y. ^*^-^'" ) 
\fe=0 / \k=0 / 

oo 

= ^Cfc.T'= = /(a:). 

k=0 

Finally, 

oo oo 

fc=0 fc=0 

To simplify this, let 

^ ^ j Cfc/m if m divides k 

1 if m does not divide k, 

to write 

Coo \ / oo \ oo 

Y ^kx"" ] =UniYl ^'^^^ ) " Yl d^ikx''. 
fc=0 / \fc=0 / fc=0 

Now observe that m divides kn if and only if m/gcd{m, n) divides k. Therefore, we 

define 

n "7, 

N ^ r- -, M ^ 



--N; 



;cd(TO,n)' gcd(TO,n)' 

and we have the following sum on k (where the sums below are defined for k going 
from to oo, subject to the constraints given): 

(3.2) ^(infca;'' = ^ dnkx'' = ^ Cr^x'^ = ^ CNkx'' = y^ Cmj^x^ 

k ni\nk m\nk M\Nk M\k 

We now let k = ?M, and sum over i > 0, to get: 

oo 
M\k i=0 

Now define hi — CiN to obtain 



and we have established part (d). D 



We present now an alternate proof for Theorem 13. II To do this, we must prove 
an intermediate result. 

Lemma 3.1. (Associativity of U and V) 
For all k,j, m G N. Ukj o Vm — Uk ° {Uj o Vm) 

Proof. Let f{z) = J2^=o '^nZ^- For this proof, we will evaluate both operators and 
show they are the same operation. First, for Ukj o Vm, we have that 

{Uk, o Vm)f{z) = Uu,f{zn = UuAY. «"^"") 

n>0 
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Now we let 



I OL-Um if "Tfi divides i 
I otherwise 



so that we can write 

n>0 i>0 j>0 

Now, for Uk o {Uj o Vm), we have that 

n>0 n>0 i>0 

with 

fln if ii = fnn for n G N U {0} 



otherwise. 



Then we have 



i>0 i>0 

We complete the proof by noting that 6(fej)i — Cki- D 

Proof. (Theorem l3 . 1 1 alternative) We can write Un°Vm = (CAi/gcd(m.n)°C^gcd(m,n))° 
(^gcd(m,«) ° Ki/gcd(m,n)) ^Y parts (a) and (b) of the theorem. 
Now, using associativity, we can write 

'^n/gcd(7n,n) v^gcd(rM,n) ''^gcd(7n,n)/ '^m/ gcd(rM,n) 

By part (c) of the theorem, we have that Ugcd(m,n) ° ^cd(m,7T,) = I^ and we are left 
with UnoVm — Um/ gcd(m,n)°ygcd(m.n)- Thus, part (d) of the theorem is proven. D 

4. The action of f/„ on formal power series 

We now determine an expression for the action of the operator C/„ acting on 
formal power series where we allow the first few coefficients to vanish. This result 
will be employed in our study of spectral properties of C/„ acting on hypergeometric 
functions. For the rest of this section, all functions are assumed to be formal power 
series. 

Theorem 4.1. Let j, n e N. Then 

(\ ra;i+Lj/"J J2 an{k+i~{j/n})x'' if n does not divide j 

'=>o / [x^^'^J^aknx'' if n divides j, 

where the sums are over A; > 0. 
Proof. First observe that 



Un\x^^ akX^ == ^" E "'^^ 



k+j 

k>0 J \k>0 



Un I ^ ak-jx'' 
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and define 

(4.1) 6. ^ {' 11'/" 

[ak-j k> J 

to write 

(4.2) Un I x^ Y. '^'^^' I = ^" I E ^'^^^ I = E ^'="^'- 

y /£>0 y \k>0 J k>0 

Tlie discussion is divided in two cases according to whether n divides j or not. 

Case 1: n does not divide j. Then the restriction kn > j in (|4.ip is equivalent to 
^ > LIJ + 1- Thus, 

fc>0 /c=0 fc=[2.J+l 

oo 
/ ^ ^kn—jX . 

Now let i = fc — I - I — 1, to obtain 

(4.3) ^bknx'^ = xLiJ+'E«™+«LiJ+-,^^ 

A;>0 i>0 

Now use - = |i-| + |i|to obtain 

(4.4) f/Jx^-^a.xM = ^LiJ+i^a„(^^^_^^j)X^ 

y fc>o J j>o 

This is the result when n does not divide j. 

Case 2; n divides j. Then kn > j is now equivalent to fc > — = [—J and 

^bknx'' = ^ bknx'' 

k>0 k>lj/nj 



k>yj/n\ 


flfen- 


,.'= 


xL^"/«J ^ 


S a, 


^i^ 



i>0 

so that 

(4.5) C/„ x^^flfcx'^ = xL"J ^a„i,a;''. 

y k>o J i/>o 

This concludes the proof. D 

The previous expressions for C/„ are now used to derive some elementary prop- 
erties of its eigenfunctions on the space of formal power series. 
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Proposition 4.2. Assume Un has an eigenfunction of the form 

oo 

(4.6) /(x) = a:^" ^ afex^ 

fe=0 

with eigenvalue A. If n divides j, then we conclude that j = and A = 1. If n does 
not divide j, then we conclude that j — 1- 

Proof. Assume n divides j and match the leading order terms of / and [/„/• The- 
orem |4?1] shows that x^ = a;^'" yielding j = 0. Now compare the constant term 
in the eigenvalue equation to get A = 1. In the case n does not divide j the same 
comparison yields 

(4.7) j^l+[j/n\. 

This implies j = 1. Indeed, let j — an + (3 with < /3 < n. Then we have j = 1 + a, 
and this yields 

(4.8) I- P = a{n-l). 

It follows that f3 — 1 and a — 0, otherwise both sides of (|4.8p have different signs. 
We conclude that j = 1 + q: = 1. D 

Hence even for a formal power series /, we see that the assumption that / is 
an eigenfunction of the Hecke operator C/„ imposes the restriction that / can only 
vanish to order zero or one. 

For the sake of completeness, we describe the trivial eigenfunctions of the com- 
position of operators f/„ o T/„ and Vn o Un- Theorem 13. II shows that Un o Vn is the 
identity. The next result describes the composition Vn o [/„. 



Theorem 4.3. The only eigenvalue of V^„o[/„ is A = 1. Moreover, given any formal 
power series f{x) = J2T=o ^kX^, the function g{x) — J2T=o '^kx'', with 

, , ^. I &fc if n divides k 

(4.9) Ofc = < 

10 if n does not divide k 

is an eigenfunction of Vn ° Un, with eigenvalue 1. 

Proof. The result follows directly from the identity 



(4.10) {Vn o [/„) 2^ akx'' = }_^ aknx". 

\k=0 / fe=0 

D 

5. The hypergeometric functions 

In this section we use Theorem 14.11 to describe the action of [/„ on the set ^ of 
all hypergeometric functions. We recall that a hypergeometric function is defined 

by 



(5.1) pF,ia,h;x) 



(Qi)fc (Q2)fc ■ ■ ■ {ap)k x^ 

£-, {bi)k {b2)k ■ ■ ■ {K)k k\ ■■ 



sr 



where a := (oi, 02, • • • , flp) and b := (61, hi,- ■ ■ , hq) are the parameters of ^Fq. 
These parameters are non-zero complex numbers. We begin by stating explicitely 
the action of t/„ on ^l ^ as the main result of this section. 
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Theorem 5.1. Let j, n G N. The action of Un on the class S'l -., that is, on 
functions of the form 

(5.2) fp^q^j ^x^pFq{a.,h;x) 
is characterized as fohows. 

If n divides j , we have 

jj (^.^Y^ ("i)fc---(Qp)fc ^fc\ ^.77«y- {ci)k{c2)k---{cnp)k a^i 

where we define the parameters 

(5.3) c,n+i = "'^^ '^ ~ , for <i <p-l, 1 <l<n 

n 

6j+i + ; - 1 ^ 

din+i = , for Q < i < q, i < I < n, 

n 

and j'l = j /n. The new variable is xi = n"^P~'^~^'x. 
If n does not divide j, we have 

Un (x^ V (°i)fc'"K)fc ^fc] = 2,i+Lj7»J V" (ci)fc---(cp„)fc xj^^ 

"\ ^oif'i)k---ibq+l)k J ^^{dl)k---{d(q+l)n-l)kk\' 

where we now define the parameters 

(5.4) c,n+i = "'^'^'^^ , for < i < p - 1, 1 < ; < n, 

n 

din+i = , tor < « < (7, 1 < / < n, 

n 

with j2 = 1 + Li/"'J ^^'^ ^ = "■(! ^ li/"'}) ^ 1- The new variable xi is defined as 
above. 



Before proving this theorem, we first need to state some intermediate results. 
The next lemma allows for a simplication of the ascending factorial function on an 
arithmetic progression of indices. 

Lemma 5.2. Let fc, n e N and a e K. Then 

n-l / , . 



{a)kn = n'^" W 
Proof. Start with 



j=o ^ ' fe 



fcn— 1 k.n—\ 

a % 



{a)kn = [](« + *)-"'" n 

i=0 i=0 

and then collect terms according to classes modulo n. D 
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In order to evaluate 

where we have used fc! — (l)fc and defined bq+i = 1, we observe that by Theorem 
14.11 the discussion should be divided into two cases according to whether or not n 
divides j . 

Case 1: n divides j. Theorem 14.11 vields 



(5.5) C/„ {x\F,{e., b)) = x^'- £ ^("i)'^" ' ' ' M^» ^.^ 

k= 

and using Lemma 15.21 we can write this as 



^ {bl)kn ■ ■ ■ {bq+l)kv 



fc=0 



{dl)k{d2)k ■ ■ ■ {dn(q+l)~l)k fc! 



Lemma 5.3. The parameters a, b,c and d satisfy 

np n{q+\)-l p q ( — ^^ 

^c, - Y^ d, = ^a, -^fe, + — (p-q-l). 

i—l i—1 i—1 z— 1 

Proof. The new parameters are 

ai oi + 1 ai + n — 1 Cp Op + n — 1 

5 7 ' ' ' 7 1 7 ' ' ' 1 

n n n n n 

and 

bi 6i + 1 6i + n — 1 bq+i 1 5^+1 + n — 2 ?i — 1 

n n n n n n n 

and the identity is now easy to check. D 

Corollary 5.4. If p = q+l, then J2'^i~J2 bi is preserved under the action of C/„. 

Case 2: n does not divide j. Proposition 14. II now gives 

fcfi^ 7-/ f^.7V (Qi)fc---(ap)fc fc ] _ i+|.77n| V^ (apjv ■ ■ ■ (ap)jv fc 

where bq^i = 1 and we define N = n{k + 1 — {j/n}). Observe that < {^} < 1, 
thus nk < N < n{k + 1). The next result simplifies the Pochhammer symbols. 



-1 

X" 



L.„(.^,F,(a,b))=x^/"5:n(-^-)- nn(^) X nn^^ ^^ ' -' 

fc=0 V-J^i *=0 / V=^ *=° 

Now recall that bq^i = 1, so the d-parameters corresponding to i = q from the 
definition (|5.4p are 1/n, 2/n, • • • , (n — l)/n, 1. The total number of d-parameters 
is now reduced by 1, in order to write the result in the canonical hypergeometric 
form: 

[/„ {x\FqiR, b)) = x^/" Y. n^'"'~''>'" (^i)fc(^2)fc---(c„p)fc x^ 
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Lemma 5.5. Let a G C and j, n E N with j not divisible by n. Define N = 
n{k + 1 — {j /n\) and r = n(l — {j /n}) — 1. Then 

r+n , . 

(5.7) (a)Ar = n"'=(a),+i TT ['^-1 

i=r+l ^ ^ fe 

Proof. We begin with 

{a)N = a(a+l)(a + 2)---(a + iV- 1) 



,1^ 



a ( a 1\ /a A^ — 1 



n \n n J \n n 

We now regroup terms modulo n as follows: 

Vn/ Vn / Vn 

a l\ /a 1 \ /a I , 

- + -]■{- + - + l]---{- + -+k-l 

n n J \n n J \n n 



a n — 1\ fa n — 1 \ (a n — 1 

+ + 1 ••• - + + fc-l 



n n J \n n j \n n 

'a 1 , \ /a r 
^n / \n n J \n n 



The last factor appears because n does not divide j. Therefore we have 



n-l , , ■. ■ / , • 

a + i\ -i-r / a + I 



(5.8) iah=n-Y[ -i^ >< H Pf^ + ^ 






where the second product is not the Pochhammer symbol. Now employ the relation 
(5.9) fc + c = c^^^-i^, 

to write 

This expression reduces to the stated formula. D 

The transformation above yields 

U ( ^j y^ {ai)k---{ap)k A ^ ^l+U fn] y^ ^nk(p-q-l) (Cl)fc ■ ■ ■ (CprQfc _^fc 
V fb (^l)'' • • ■ (^«+l)'^ / to (dl)fe---(c^(g+l)n)fc 

The special case p — q + 1 provides a simpler situation, in which the coefficient 
^nk(p-q-i) jQgg jjqI; appear in the resulting series. 



Theorem 5.6. Let j, n e N and assume p = 9 + 1. 

If n divides j, we have 
(5.10) [/„ {x^pFq (a, b; x)) = x^/"„pF„p_i (c, d; x) 

where c, d are defined in (|5.3p . 
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If n does not divide j , we have 
(5.11) t/„(x^pF,(a,b;x)) =xi+Lj>J„pi^„p_i(c,d;a;), 

where c, d are defined in (15. 4p . 



6. The eigenvalue equation 

In this section we focus on the spectral properties of the operator [/„, as the 
spectral properties of the operators Vn are trivial. It is here that we encounter 
more subtle ideas. We describe first the eigenfunctions of the operator Un of the 
form x^ pFq(a, b; x). That is, we look for parameters p, q € N and complex numbers 

(6.1) ai, 02, • • • ,ap; bi, 62, • • • ,6g 

such that, with a = (ai, • • • , a^) and b = (61, • • • , bq), we have 

(6.2) Un {x^ pFq{a,h; x)) = \x\Fq{a,h;x). 

The results from Theorem 1 5 . 1 1 showed that the action of C/„ on x^„Fq depends on 
whether or not n divides j, which by Theorem 14.21 reduces to the cases j — and 
j = 1 when considering eigenfunctions of C/„ . 

Case 1: j = 0. Under this condition we show that the eigenfunction reduces to a 
rational function. 

Lemma 6.1. Assume n divides j and that (|6.2p has a nontrivial solution. Then, 
for all fc e N, we have 

p n— 1 q+1 p q+ln—1 

(6.3) n n(«J- +nk + i)x l[ib, +k) = i[{a,+j) X H Hibj +nk + i). 

j=l i=0 j=l j=l 3 = 1 i=0 

Proof. Comparing terms of the equation Unf = f yields 

/„ .N (ai)nfc (a2)nfe • • • (ap)„fe _ (ai) k {0,2) k ■ ■ ■ {o-p) k 

ibl)nk {b2)nk ' ' ' (&g+l)nfc {bl)k (&2)fc ' ' ' (&g+l)/c 

Replace fc by fc + 1 , divide the two equations and use 

(6.5) i^liti = a + k, and ^^>"^'^+^^ ={a + nk){a + nk + 1) ■ ■ ■ {a + nk + n - I) 
{a)k {a)k 

to produce the result. D 



Lemma 6.2. Assume n divides j and that (|6.2p has a nontrivial solution. Then 
p^q+1. 

Proof. Comparing the degrees of the left and right hand side of ()6.4p gives pn + q + 
l=p + n{q + l). D 

Proposition 6.3. Assume n divides j and that (|6.2p has a nontrivial solution. 
Then 

bi bi + I bi + n - 1 ^^ f Qi ttt + l Qi + n - 1 }^ 

a-i,—, ,•••, > ={b, 



,^^ y n n n j ^^^ 

Proof. The roots of the left and right hand side of (|6.4|) must match. D 
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We now show that the results of this proposition imply that the parameters must 
match: at = bi for all indices. 

Proposition 6.4. Assume n divides j and that (|6.2|) has a nontrivial solution. 
Then, for any fc G N, we have 

(6.6) E«' = E^- 

4=1 1=1 

Proof. Proof by induction on k. The case k = 1 comes from matching the coeffi- 
cients of the next to leading order in k. Indeed, this matching yields 

p n— 1 p p n — 1 p 

i=l j = l 4=1 i—1 J = l ^=1 

and the case k — 1 holds. In order to check it for k ~ 2, add the squares of the 
elements in Proposition 16.31 to obtain, from the left hand side the expression 
p -, p n-l p -, P P "^1 "~i 

i=l i=l j=0 1=1 4=1 4=1 j=0 j=0 

Matching with the corresponding expression from the right hand side and using the 
statement for fc = 1, yields 

(6.7) E«? = Ee 

4 = 1 4=1 

The higher moments can be established along these lines. D 

Proposition 6.5. Assume two sets {aj : I < j < p} and {bj : 1 < j < p} of 
complex numbers satisfy 

(6.8) ^af = f]6f, 

4=1 4 = 1 

for every fc e N. Then, after a possible rearrangement of terms of one of these sets, 
we have Oj = bi for all i. 

Proof. For a, b G C^ and TV G N, let 



(6.9) /iA^(a)=f]af 

i=l 

and let 

oo ■ OO j 

/a(t)-E/^^-(^)-'/b(^)=E'^^(b)- 

J=0 ^' j=0 ^' 

be the generating functions of /i at (a) and /xjv(b), respectively. Now assume /a = /b, 
i.e. 



Expanding further gives 
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j=Q 1=1 "'■ j=0 j=l •'' 

Since /ij is defined as a sum of finite terms, we can change the order of summa- 
tion. 

p oo J p oo ,- 

ee4=^^4 

i=i j=o •'■ i=l j=0 -J' 
This yields 

(6.10) e'^i* + e"^* + • • • + e""* = e'"' + e^^* + • • • + e''"*. 

Suppose first that a^, 6^ G K and order them as 

fli < 02 < • • • < flp and bi < b2 < ■ ■ ■ < bp. 

Eliminate from (|6.10p all the terms for which the a's and b's match, to assume that 
ai <bi. Then 

Finally, let t — > — oo to get a contradiction. D 

We summarize the previous discussion in the following Theorem. 
Theorem 6.6. Suppose there exists an eigenfunction of C/„ of the form 

(6.11) /(^)^f^_^^i)^Mi_(^^fc 



fc 



;r^ {bi)kib2)k---ibq+i)k 



corresponding to the eigenvalue A (this is the case j = in (|6.2p '). Then A = 1, p 
q + 1 and a^ = bi for all i. Therefore f{x) 



1 



Proposition l4. 21 shows that the only possible values for j are or 1. The remain- 
der of the section treats the case j = 1. 

Case 2: j — I- Under this condition we show that the spectrum of the operator 
Un is the set {n* : i € Z}. The corresponding eigenfunctions are the polylogarithm 
functions 

oo 

(6.12) PolyLog,(a:) := ^ k'x'', 

k=l 

corresponding to the eigenvalue n* with negative i, and the eigenfunctions 

dV / 1 

X- 



dx J \ 1 — a; ^ 
corresponding to the eigenvalue n* with non- negative i. 
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Example 6.7. The dilogarithm function 

oo ^ 

(6.13) Li2(-):=E^ 

fe=i 

satisfies 

(6.14) U„{U2{x))^^U2ix). 

Therefore l/n^ e Spec(t/„). The dilogarithm function admits the hypergeometric 
representation 

(6.15) U2{x)=x-,fJ(^ 2 ^ 2 ^^^'^ 
We now explore properties of eigenfunctions of the operator [/„. 

Proposition 6.8. Assume (|6.2p has a nontrivial solution with j = 1. Then, for all 
fc € N, we have 

p ij+l ri — 2 q+1 p n — 2 

(6.16) n(%+fc-l)-]^ Y[{bj+nk + i) = Y[{bj+k-l)-Y[ Y[{aj+nk + i). 
j=i j=ii=_i j=i j=ii=_i 

Proof. Assume the eigenfunction has the form 

oo 

(6.17) f{x)^xY,Ckx''. 

fc=0 

Comparing coefficients in the equation [/„/ = A/ gives 

(6.18) Cnk-l = Acfc_i. 

Replacing the standard hypergeometric type yields 

/„ ,„N (Qi)nfc-i • • • (ap)nfc-i _ , (ai)fc-i • • • (ap)fc~i 

{bl)nk-l ■ ■ ■ ibq+l)nk-l {bl)k-l ' ' ' (&g+l)fe-l 

Replace A: by fc + 1 and divide the two corresponding equations to obtain the 
result. D 



Lemma 6.9. Assume j — 1 and that (j6.2p has a nontrivial solution of the form 

(6.20) /(-) = -f:7rr^^7r%-'=- 

^ {bi)k---{bg+i)k 
Then p = q + I. 

Proof. Compare the degrees on both sides of the polynomial in Lemma 16.81 D 

Proposition 6.10. Assume 

(6.21) m--f: t\'"'^n,t -' 

^ {bi)k ■ ■ ■ {bp)k 

is an eigenfunction for [/„■ Then 

ai — 1 Oi Gi + n — 2 



^-^1 n n n I ^-^ I 

z— 1 ^ -^ i—1 ^ 
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Proof. These are the roots of both sides of the polynomial in Lemma 16.81 D 

We now show that this equality of sets imposes severe restrictions on the eigen- 
values and eigenfunctions of the operator C/„. We discuss first the eigenvalues. 

Proposition 6.11. Assume 

is an eigenfunction for C/„. Let 

(6.23) 7, :=|{ze{l, 2,...,p}:a, = 1}|, 
and 

(6.24) 7, :=|{*e{l, 2,...,p}:6, = 1}|. 
Then 

(6.25) n'^°(ai)n~i(a2)«-i •• ■ {ap)n-i = n'^''ibi)n-i{b2)n-i ■■■ {bp)n-i- 

Proof. Consider the product of all the non-zero terms on the left-hand side of 
Proposition 16.101 The removal of the zero terms, corresponding to those Oi = 1 
carry with them the removal of a power of n. D 

Example 6.12. In example 16.71 we have 7q = 3 and ji, = 1. The statement (j6.25p 
states that 

(6.26) n^ X (l)„_i(l)„_i(l)„_i = n X (2)„_i(2)„_i(l)„_i, 
which is correct. 

Theorem 6.13. Assume j = 1 and 

(ai)fc • • • {ap)k 



3.27) f{x)^xJ2 



fc^o ibi)k---ibp)k 
is an eigenfunction for C/„ with eigenvalue A. Then 
(6.28) A = n'''-'^", 

with 7a, 7f, defined in (j6.25p . 
Proof. Put fc = 1 in the relation (|6.19p to obtain 

(ai)n-i • • ■ (ap)n-l 



(6.29) A . 

Now use (I6.25P to conclude. D 

The result above shows that the spectrum of Un satisfies 

(6.30) Spec(C/„) C {n" :€ a e Z}. 
The example below shows that we actually have equality. 
Example 6.14. Let i e Z. Then the hypergeomeric series 

oo 

(6.31) /,(a;):-^Fa;^ 

fe=i 

is an eigenfunction of [/„, with eigenvalue n'. The dilogarithm corresponds to the 
case i — —2. 
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Theorem 6.15. The spectrum of Un is the set {n' : i G Z}. 

We now discuss the eigenfunctions of t/„, starting with the sets 
/ 1 f 6j - 1 6i bi + n-2\ I ^ I f , _, flj - 1 fli Qi + n- 

\\<a^~ 1, , — , • • • , r = U i °' ^ 1' ' — ' • • • ' 

^-^ n n ?i n n n 

1=1 *- ^ i=i ^ 

that have appeared in Proposition 16. 101 Recall that {a^, bi} are the parameters of 
the eigenfunction 



v^ (ai)fc ■■ ■ (ap)fc fc 
^(&i)fc---(6,+i)fe' 



(6.32) /(a;)^a,2^^^^ r^^-^x- 

k=0 

We may assume that a^ 7^ 6^, otherwise the term {ai)k = {bj)k should be cancelled. 
Observe that if we let Ci = a^ — 1 and di = bi — I, the basic set identity in Case 2 
becomes the basic set identity of Case 1, with a instead of Oi and di instead of bi. 
The reason why one cannot deduce at = bi is that some of the ai in Case 2 could 
be 1, and the corresponding Ci would vanish. This violates the basic assumption of 
Proposition [ 



We bypass 


this 


difhculty by defining 


(6.33) 




/ \ tti if Ci 7^ 1 
a, = < 
' [2 ifa, = 1, 


and 






(6.34) 




' |2 if6, = 1. 



The sets described above, obtained by replacing ai,bi by 0^,6^ remain equal. In 
order to see this, observe that if ai = 1, then the elements containing ai are 



(6.35) 

are replaced by 

(6.36) 



ai — i 


ai 


n 


n 


ai ai 


+ 1 


n 


n 



ai + n — 2 



ai + 71 — 1 



which is equivalent to simply replacing oi by oi + 1. Theorem 16.61 shows that 
a'i = b[. If both Qi and bi are equal to 1 or both different from 1, we conclude 
that ai ^ bi. This contradicts our original assumption. In the case a'^ — b[, with 
Oi = 1, we conclude that bi = 2. Similarly, if a'i — b[, with bi — 1, we obtain ai — 2. 
Therefore, each a^ = 1 produces the valid pair {1,2}, and each bi — \ leads to 
{2, 1}. Using the fact that there are no common parameters from top and bottom, 
we conclude that an eigenfunction must have the following structure. 

Theorem 6.16. Assume 



C30 



(6.37) f^-)=-l^ !^r^""'t\ -' 

is an eigenfunction of [/„, with the usual normalization bq+i = 1. Then, either 
ai — 2 and bi = 1 for all 1 < « < P, or ai = 1 and bi — 2 for all 1 < i < p. 



20 VICTOR H. MOLL, SINAI ROBINS, AND KIRK SOODHALTER 

In other words, if / is an eigenfunction of any particular Hecke operator C/„, 
then 



(6.38) fix) ^ aFa-l {la, 2a-i; x) = ^ -^X 



fe=0 



k 



3.39) fix) = aFa-l {2a, la-l^x) = £ fc"^ 



XK 



fe=0 



where a e N, Iq stands for the a-vector (1,1,..., 1) and 2^ is defined analogously. 

7. The Simultaneous Eigenfunctions of t/„ for all n 

In this section we completely characterize those hypergeometric functions which 
are simultaneous eigenfunctions of C/„ for all n, and give an application to the 
theory of completely multiplicative functions. 

What do the hypergeometric functions f{x) = X^fe^i ^kX^ that are simultaneous 
eigenfunctions of all of the linear operators C/„ look like? It turns out there is a 
simple answer: they are precisely the polylogarithms and the rational functions 
{xj^) ( lir ) ' ^^ given by the following theorem. 

Theorem 7.1. Let 

(7.1) /(x)=^Cfcx'= 

fc=l 

be a hypergeometric function with no constant term. Then / is a simultaneous 
eigenfunction for the set of all Hecke operators {Un}'^^i with respective eigenvalues 
{''^n}^! if and only if 

oo 

(7.2) /(x)=C^fc"x^ 

fe=l 

with a e Z and C G C. In other words, / is a polylogarithm, or / = {x^Y ( T^ 

D 

Before proving this theorem, we prove an interesting corollary regarding a num- 
ber theoretic fact concerning hypergeometric coefficients that are completely mul- 
tiplicative functions of the summation index. 



Corollary 7.2. The hypergeometric coefficient 

(7.3) c{n) 



(Ql)ri.-1 • • • {0'p)n-l 



(&l)«-l •• • ibq)n-l 

is a completely multiplicative function of n if and only if it is of the form Cn°' for 
some a e Z and C e C 

Proof. By the definition of the completely multiplicative function c(n), we know 
that 

(7.4) c{nk) = c(n)c(fc) 
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for all fc, n e N. This implies that 

oo 

(7.5) /(x)^^c(fc)x'= 



k=l 



is an eigenfunction of C/„, with eigenvalue c{n). This holds for all n, thus it is a 
simultaneous eigenfunction. The result now follows from Theorem 1 7. II D 



We recall that by definition / is a simultaneous eigenfunction of all of the Hecke 
operators if and only if for all n G N, 

(7.6) Unf = A„/. 

Treating f as a power series without even considering its hypergeometric prop- 
erties, we have 

oo oo 

(7.7) Y^ Cnkx'' = Xn Y^ Ckx'' 

fc=l k=l 

so that 

(7.8) Cnk = A„C/c 

This is true for all fc > 1, so we can set fc = 1 which gives us 

(7.9) c„ = A„ci 

This, in turn, is true for all n, which proves the following. 
Lemma 7.3. Let 

oo 

(7.10) f{x) = Yckx' 

k=l 

be a power series with no constant term that is a simultaneous eigenfunction for 
the set of operators {C^nj^i with respective eigenvalues {A„}^^. Then, for i > 2, 
we have 

(7.11) Cj = XiCi 
and thus 

oo 

(7.12) /(a:) = ci^Afex'=. 

fe=i 

D 

Proof, (of Theorem 17. ip Let us suppose now that /, as defined in (|7.12p . is a 
hypergeometric function. By theorem 16. 131 we have that 

(7.13) A„ = n^'-''- 

where jb and "/a are defined in 16.251 This proves theorem 17. II D 
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In our formal hypergeometric notation, we see that any simultaneous eigenfunc- 
tion must be the polylog 

OO -. 

(7-14) /(-)-Ef^'' 

fc=0 

or the rational function 

OO 

(7.15) 5(:^)=E^" 



,fc 



X 
k=0 



where a is any nonnegative integer. In conclusion, we see that if a hypergeometric 
function is an eigenfunction for a single operator Uj, then it is automatically a 
simultaneous eigenfunction for all of the Hecke operators [/„, as n varies over all 
positive integers. This situation lies in sharp contrast with the space of rational 
functions studied recently in [S], [S], and [TT] . 
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